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Using a speifi version of thermal Quantum Field Theory (QFT),
supplemented by operator-field evolution of the Langevin type,
we disuss two issues onerning the Bose Einstein orrelations
(BEC): the origin of different possible oherent behaviour of the
emitting soure and the origin of the observed shape of the BEC
funtion C2(Q). We demonstrate that previous onjetures in this
matter obtained by other approahes are onfirmed and have re-
eived omplementary explanation.
1. Introdution
The Bose-Einstein orrelations (BEC) are sine long
time reognized as very important tool providing in-
formation's about hadronization proesses not available
otherwise, espeially in what onerns spae-time exten-
sions and oherent or haoti harater of the hadroniz-
ing soures. Beause the importane of BEC and their
present experimental and theoretial status are widely
known and well doumented (see, for example, [1℄ and
referenes therein), we shall not repeat it here. Instead
we shall proeed to main point of our interest here, al-
ready mentioned above, namely to disussion of: (i) how
the possible oherene of the hadronizing system influ-
enes the two body BEC funtion C2(Q) [2, 3℄,
C2(Q) =
N2(k, k
′)
N1(k)N1(k′)
(1)
and (ii) what is the true origin of the experimentally
observed Q-dependene of the C2(Q) orrelation fun-
tion in the approah used here (out of whih the spae
time information is being dedued, Q = |kµ − k′µ| =√
(kµ − k′µ)2 with kµ and k′µ being the four-momenta of
deteted partiles; in what follows we shall for simpliity
assume that all produed partiles are bosons). In liter-
ature one finds that in some approahes using quantum
statistial methods [2℄
C2(Q) = 1 + 2p(1− p) ·
√
Ω(Q · r) + p2 · Ω(Q · r), (2)
whereas in other approahes [3℄
C2(Q) = 1 + λ · Ω(Q · r), (3)
(atually, this is the most frequently used form). In
both ases parameters p and λ are alled oherene pa-
rameters defining the degree of oherene of hadroniz-
ing soure (for purely oherent soure p = λ = 0 and
there is no BEC, for p = λ = 1, i.e., in purely haot-
i ase, both equations oinide). Although in [2, 3℄
they are operationally expressed in the same way, i.e.,
p = λ = 〈Nchaotic〉/〈Ntotal〉, we shall formally differen-
tiate between them when using the orresponding ex-
pressions for C2(Q) beause, as will be shown later,
the onepts of oherene they orrespond to are dif-
ferent in eah ase. The hoies of Ω(Q) disussed in
literature vary between [4, 5, 6℄ (here q = r · Q with
r = |rµ| = √rµrµ being a 4-vetor suh that
√
(rµ)2 has
dimension of length and produt Q · r = Qµrµ = q is
dimensionless):
• Gaussian: Ω(q) = exp (−Q2r2);
• exponential: Ω(q) = exp(−Qr);
• Lorentzian: Ω(q) = 1/ (1 +Qr)2;
• given by Bessel funtion [5℄:
Ω(q) = [J1(Qr)/(Qr)]
2
.
The most frequently used forma are Gaussian and ex-
ponential ones [1℄. The above questions an be therefore
rephrased in the following way: (i) why are forms of
C2(Q) in eqs. (2) and (3) different and are parameters p
and λ referring to the same quantity and (ii) what stays
behind speifi hoie of the form of Ω(Q) funtion as
listed above.
To make our point more lear we shall work here di-
retly in phase spae (as, for example, in [7℄), no spae-
time onsiderations will be used (ontrary to the major-
ity of works on BEC [1, 2, 3℄). As our working tool we
shall hoose some speifi (thermal) version of Quantum
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Field Theory (QFT) supplemented by the operator-field
evolution of Langevin type proposed reently [8, 9, 10℄.
We shall demonstrate that: (i) the origin of differenes
in C2(Q) in eqs. (2) and (3) lies in different ways of in-
troduing the onept of oherene in both approahes,
i.e., p and λ referred to different onepts of oherene
in eah ase; (ii) in order to obtain a given (experimen-
tally observed) shape of the BEC orrelation funtion
C2(Q) (i.e., the Ω(Q)) one has to aount somehow for
the niteness of the spae-time region of the partile
prodution (i.e., of the hadronizing soure). In QFT ap-
proah used here it is partiularly learly seen and is
onneted with the neessity of smearing out of some
generalized funtions (delta funtions: δ(Qµ = kµ− k′µ))
appearing in the definition of thermal averages of some
operators ourring here. The freedom in using different
types of smearing funtions to perform suh a proedure
allows us to aount for all possible different shapes of
hadronizing soures apparently observed by experiment.
(Atually, areful inspetion of all previous approahes
to BEC using QFT, f., for example, [11℄, shows that this
was always the proedure used, though never expressed
so expliitly as is done here.).
2. Desription of hadronizing soure
Let us reapitulate now the main points of our approah
(for details see [9℄). The ollision proess produes usu-
ally a large number of partiles out of whih we selet
one (we assume for simpliity that we are dealing only
with idential bosons) and desribe it by operator b(~k, t)
(the notation is the usual one: b(~k, t) is an annihilation
operator,
~k is 3-momentum and t is a real time). The
rest of the partiles are then assumed to form a kind of
heat bath, whih remains in equilibrium haraterized
by a temperature T = 1/β (whih will be one of our
parameters). All averages 〈(. . .)〉 are therefore thermal
averages of the type:
〈(. . .)〉 = Tr [(. . .)e−βH] /T r (e−βH) . (4)
However, we shall also allow for some external (to the
above heat bath) influene ating on our system. There-
fore we shall represent the operator b(~k, t) as onsisting
of a part orresponding to the ation of the heat bath,
a(~k, t), and also of a part desribing ation of these ex-
ternal fators, R(~k, t):
b(~k, t) = a(~k, t) +R(~k, t). (5)
The time evolution of suh a system is then assumed to
be given by a Langevin equation [10℄
i∂tb(~k, t) = F (~k, t)−A(~k, t) + P (6)
(and a similar onjugate equation for b+(~k, t)). These
equations are supposed to model all aspets of the
hadronization proess (notie their similarity to equa-
tions desribing motion of Brown partile in some exter-
nal field [8℄). The meaning of different terms appearing
here is following:
(i) The ombination F (~k, t) − A(~k, t) represents the so
alled Langevin fore and is therefore responsible for the
internal dynamis of hadronization in the following man-
ner:
• A is related to stohasti dissipative fores and is
given by [10, 9℄
A(~k, t) =
∫ +∞
−∞
dτK(~k, t− τ)b(~k, τ), (7)
with the operator K(~k, t) being a random evolu-
tion field operator desribing the random noise and
satisfying the usual orrelation-flutuation relation
for the Gaussian noise:
〈K+(~k, t)K(~k′, t)〉 = 2√πρκδ(~k − ~k′) (8)
(κ and ρ are parameters desribing effet aused
by this noise on the partile evolution in thermal
environment [10℄).
• The operator F (~k, t) desribes the influene of heat
bath,
F (~k, t) =
∫ +∞
−∞
dω
2π
ψ(kµ)cˆ(kµ)e
−iωt. (9)
(ii) Our heat bath is represented by an ensemble of
damped osillators, eah desribed by operator cˆ(kµ)
suh that
[
cˆ(kµ), cˆ
+(k′µ)
]
= δ4(kµ − k′µ), and harater-
ized by some funtion ψ(kµ), whih is subjeted to is a
kind of normalization involving also dissipative fores
represented by Fourier transformed operator K˜(kµ),
namely:∫ +∞
−∞
dω
2π
[
ψ(kµ)
K˜(kµ)− ω
]2
= 1. (10)
(iii) Finally, the onstant term P (representing external
soure term in Langevin equation) denotes the possible
influene of some external fore (assumed here to be on-
stant in time). This fore would result, for example, in
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a strong ordering of phases, leading therefore to the o-
herene effet in the sense disussed in [2℄.
Out of many details (for whih we refer to [9℄) what
is important in our ase is the fat that the 2-partile
orrelation funtion for like-harge partiles, as defined
in (1), is given in suh form ((kµ = (ω = k
0, kj)):
C2(Q) = ξ(N) ·
f˜(kµ, k
′
µ)
f˜(kµ) · f˜(k′µ)
= ξ(N) · [1 + D(kµ, k′µ)] , (11)
where
f˜(kµ, k
′
µ) = 〈b˜+(kµ)b˜+(k′µ)b˜(kµ)b˜(k′µ)〉,
f˜(kµ) = 〈b˜+(kµ)b˜(kµ)〉 (12)
are the orresponding thermal statistial averages (in
whih temperature T enters as a parameter) with
b˜(kµ) = a˜(kµ) + R˜(kµ) being the orresponding Fourier
transformed stationary solution of eq. (6). As shown in
[9℄ (notie that operators R˜(kµ) by definition ommute
with themselves and with any other operator onsidered
here):
f˜(kµ, k
′
µ) = f˜(kµ) · f˜(k′µ) +
+ 〈a˜+(kµ)a˜(k′µ)〉〈a˜+(k′µ)a˜(kµ)〉+
+ 〈a˜+(kµ)a˜(k′µ)〉R˜+(k′µ)R˜(kµ) +
+ 〈a˜+(k′µ)a˜(kµ)〉R˜+(kµ)R˜(k′µ), (13)
f˜(kµ) = 〈a˜+(kµ)a˜(kµ)〉 + |R˜(kµ)|2. (14)
This defines D(kµ, k
′
µ) in (11) in terms of the operators
a˜(kµ) and R˜(kµ), whih in our ase are equal to:
a˜(kµ) =
F˜ (kµ)
K˜(kµ)− ω
and R˜(kµ) =
P
K˜(kµ)− ω
. (15)
The multipliity N depending fator ξ is in our ase
equal to ξ(N) = 〈N〉2/〈N(N − 1)〉. This means there-
fore that the orrelation funtion C2(Q), as defined by
eq. (11), is essentially given in terms of P and the two
following thermal averages for the F (~k, t) operators:
〈F+(~k, t)F (~k′, t′)〉 = δ3(~k − ~k′) ·
·
∫
dω
2π
|ψ|2 n(ω)e+iω(t−t′), (16)
〈F (~k, t)F+(~k′, t′)〉 = δ3(~k − ~k′) ·
·
∫
dω
2π
|ψ|2 [1 + n(ω)]e−iω(t−t′)
where n(ω) = {exp [(ω − µ)β]− 1}−1 is the number of
(by assumption - only bosoni in our ase) damped os-
illators of energy ω in our reservoir haraterized by
parameters µ (hemial potential) and inverse tempera-
ture β = 1/T (both being free parameters). The origin of
these parameters, the temperature β = 1/T and hemi-
al potential µ, is the Kubo-Martin-Shwinger ondition
that
〈a(~k′, t′)a+(~k, t)〉 = 〈a+(~k, t)a(k′, t−iβ)〉·exp(−βµ), (17)
(see [9, 10℄). This form of averages presented in (16) re-
flets the orresponding averages for the cˆ(kµ) operators,
namely that
〈cˆ+(kµ)cˆ(k′µ)〉 = δ4(kµ − k′µ) · n(ω)
〈cˆ(kµ)cˆ+(k′µ)〉 = δ4(kµ − k′µ) · [1 + n(ω)]. (18)
Notie that with only delta funtions present in (16)
one would have a situation in whih our hadronizing
system would be desribed by some kind of white noise
only. The integrals multiplying these delta funtions and
depending on (a) momentum harateristi of our heat
bath ψ(kµ) (representing in our ase, by definition, the
hadronizing system) and (b) assumed bosoni statistis
of produed seondaries resulting in fators n(ω) and
1 + n(ω), respetively, bring the desription of our sys-
tem loser to reality.
3. Results
It is straightforward to realize that the existene of BEC,
i.e., the fat that C2(Q) > 1, is stritly onneted with
nonzero values of the thermal averages (16). However,
in the form presented there, they differ from zero only at
one point, namely for Q = 0 (i.e., for kµ = k
′
µ). Atually,
this is the prie one pays for the QFT assumptions ta-
itly made here, namely for the innite spatial extension
and for the uniformity of our reservoir. But we know
from the experiment [1℄ that C2(Q) reahes its maxi-
mum at Q = 0 and falls down towards its asymptoti
value of C2 = 1 at large of Q (atually already at Q ∼ 1
GeV/). To reprodue the same behaviour by means of
our approah here, one has to replae delta funtions in
eq. (16) by funtions with supports larger than limited to
a one point only. This means that suh funtions should
not be infinite at Qµ = kµ − k′µ = 0 but remain more
or less sharply peaked at this point, otherwise remaining
finite and falling to zero at small, but finite, values of
|Qµ| (atually the same as those at whih C2(Q) reahes
unity):
δ(kµ − k′µ) =⇒ Ω0 ·
√
Ω(q = Q · r). (19)
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Here Ω0 has the same dimension as the δ funtion (atu-
ally, it is nothing else but 4-dimensional volume restrit-
ing the spae-time region of partile prodution) and
Ω(q) is a dimensionless smearing funtion whih on-
tains the q-dependene we shall be interested in here.
In this way we are taitly introduing a new parameter
(mentioned already in the Introdution), rµ, a 4-vetor
suh that
√
(rµ)2 has dimension of length and whih
makes the produt Q · r = Qµrµ = q dimensionless. This
defines the region of nonvanishing density of osillators
cˆ, whih we shall identify with the spae-time extensions
of the hadronizing soure. The expression (19) has to be
understood in a symboli sense, i.e., that Ω(Q · r) is a
funtion whih in the limit of r → ∞ beomes strit-
ly a δ funtion. Making suh replaement in eq. (16)
one must also deide how to aordingly adjust n(ω)
ourring there beause now, in general, ω 6= ω′. In
what follows we shall simply replae n(ω) → n(ω¯) with
ω¯ = (ω+ω′)/2 (whih, for lassial partiles would mean
that n(ω)→
√
n(ω)n(ω′)).
In suh way r beomes new (and from the phe-
nomenologial point of view also the most important)
parameter entering here together with the whole fun-
tion Ω(Q · r), to be dedued from omparison with ex-
perimental data (one should notie at this point that the
opposite line of reasoning has been used in [12℄ where at
first a kind of our Ω(q) funtion was onstruted for a
finite soure funtion and it was then demonstrated that
in the limit of infinite, homogenous soure one ends with
a delta funtion). With suh a replaement one now has
D(kµ, k
′
µ) =
√
Ω˜(q)
(1 + α)(1 + α′)
·
[√
Ω˜(q) + 2
√
αα′
]
(20)
where
Ω˜(q) = γ·Ω(q), γ = n
2(ω¯)
n(ω)n(ω′)
, α ∝ P
2
|ψ(kµ)|2n(ω) , (21)
with n(ω) the same as defined above.
Another very important parameter entering (20) is
α. whih first of all reflets ation of external fore P
present in the evolution equation (6). This ation is om-
bined here (in a multipliative way) with information
on both the the momentum dependene of the reservoir
(via |ψ(kµ)|2) and on the single partile distributions of
the produed partiles (via n(ω = µT cosh y) where µT
and y are, respetively, the transverse mass and rapid-
ity). Parameter α summarizes therefore our knowledge
of other than spae-time harateristis of the hadroniz-
ing soure (given by Ω(q) introdued above). Notie that
α > 0 only when P 6= 0. Atually, for α = 0 one has
1 < C2(Q) < 1 + γΩ(Q · r), (22)
i.e., it is ontained between limits orresponding to very
large (lower limit) and very small (upper limit) values of
P . Beause of this α plays the role of the oherene pa-
rameter [1, 2℄. For γ ≃ 1, negleting the possible energy-
momentum dependene of α and assuming that α′ = α
one gets the expression
C2(Q) = 1 +
2α
(1 + α)2
·
√
Ω(q) +
1
(1 + α)2
· Ω(q), (23)
whih is formally idential with eq. (2) obtained in [2℄ by
means of QS approah. It has preisely the same form,
onsisting two Q−dependent terms ontaining the infor-
mation on the shape of the soure, one being the square
of the other, eah multiplied by some ombination of the
haotiity parameter p = 1/(1 + α) (however, in [2℄ p is
defined as the ratio of the mean multipliity of parti-
les produed by the so alled haoti omponent of the
soure to the mean total multipliity, p = 〈Nch〉/〈N〉).
In fat, beause in general α 6= α′ (due to the fat that
ω 6= ω′ and therefore the number of states, identified
here with the number of partiles with given energy,
n(ω), are also different) one should rather use the gen-
eral form (11) for C2 with details given by (20) and (21)
and with α depending on suh harateristis of the pro-
dution proess as temperature T and hemial potential
µ ourring in definition of n(ω).
Notie that eq. (23) differs from the usual empiri-
al parameterization of C2(Q) [1℄ as given by eq.(3) in
whih 0 < λ < 1 is a free parameter adjusting the ob-
served value of C2(Q = 0), whih is ustomary alled
"inoherene"and with Ω(Q · r) represented usually as
Gaussian. Reently eq. (3) has found strong theoretial
support expressed in great detail in [3℄ (where λ is given
by the same ratio od multipliities as p above). The nat-
ural question arises: whih of the two formulas presented
here is orret? The answer we propose is: both are right
in their own way. This is beause eah of them is based
on different ways of defining oherene of the soure. In
[3℄ one uses the notion of oherently and haotially pro-
dued partiles or, in other words, one divides hadroniz-
ing soure into oherent and haoti subsoures. In [2℄
one introdues instead the notion of partially oherent
fields representing produed partiles, i.e., one has on-
ly one soure, whih produes partially oherent fields.
Our approah is similar as we desribe our partile by
operator b(~k, t), whih onsists of two parts, f. eq. (5),
one of whih depends on the external stati fore P . The
ation of this fore is to order phases of partiles in our
soure (represented by the heat bath). The strength of
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this ordering depends on the value of the external fore
P . In any ase, for P 6= 0, it demonstrates itself as a
partial oherene.
Some omments are neessary at this point. Notie
that it is of the same type as that onsidered in [2℄. When
omparing with [3℄ one should notie that although our
operators a˜(kµ) and R˜(kµ) look similar to operators de-
fined in eqs. (4) and (5) of [3℄ they differ in the follow-
ing. Our R(kµ) desribes essentially the ation of on-
stant fore P and as suh it ommutes with all other
operators (inluding themselves). So it only introdues
a partial ordering of phases of partiles dereasing the
C2 orrelation funtion, i.e., ating as a oherent ompo-
nent, albeit we do not have oherent partiles as suh. It
is also seen when realizing that in eq. (14) the two last
terms ontain only one pair of operators a. This in the
language of [3℄ translates to only one Wigner funtion,
fch, to be present here. The operators R annot form the
seond Wigner funtion (fcoh in [3℄). This is the tehni-
al origin of the three terms present in (2) (and in [2℄)
in omparison to two terms in (3) and obtained in [3℄.
Let us return to the problem of Q-dependene of
BEC. One more remark is in order here. The problem
with the δ(kµ−k′µ) funtion enountered in two partile
distributions does not exist in the single partile distribu-
tions, whih are in our ase given by eq. (14) and whih
an be written as f˜(kµ) ∝ 〈a˜+(kµ)a˜(kµ)〉 + |R˜(kµ)|2 ∼
(1+α)〈a˜+(kµ)a˜(kµ)〉 (it is normalized to the mean mul-
tipliity:
∫
d4k f˜(kµ) = 〈N〉). To be more preise
f˜(kµ) = (1 + α) · Ξ(kµ, kµ), (24)
where Ξ(kµ, kµ) is one-partile distribution funtion for
the "free"(undistorted) operator a˜(kµ) equal to
Ξ(kµ, kµ) = Ω0 ·
∣∣∣∣∣ ψ(kµ)K˜(kµ)− ω
∣∣∣∣∣
2
n(ω). (25)
Notie that the atual shape of f˜(kµ) is ditated both
by n(ω) = n(ω;T, µ) (alulated for fixed temperature
T and hemial potential µ at energy ωˆ as given by the
Fourier transform of random field operator K˜ and by
shape of the reservoir in the momentum spae provid-
ed by ψ(kµ)) and by external fore P in parameter α.
They are both unknown, but beause these details do
not enter the BEC funtion C2(Q), we shall not pursue
this problem further. What is important for us at the
moment is that both the oherent and the inoherent
part of the soure have the same energy-momentum de-
pendene (whereas in other approahes mentioned here
they were usually assumed to be different). On the oth-
er hand it is lear from (24) that 〈N〉 = 〈Nch〉+ 〈Ncoh〉
(where 〈Nch〉 and 〈Ncoh〉 denote multipliities of parti-
les produed haotially and oherently, respetively)
therefore justifying definition of haotiity p mentioned
above.
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Figure
1. Shapes of C2(Q) as given by eq. (2) - upper panel and for the
trunated version of (2) (without the middle term) orresponding
to eq. (3) - lower panel. Gaussian shape of Ω(q) was used in both
ases.
Fig. 1 shows in detail (using Gaussian shape of Ω(q)
funtion) the dependene of C2(Q) on different values of
α = 0, 0.25, 1, 4 (again, used in the same approximate
way as before and orresponding to p = 1., 0.8, 0.5, 0.2)
and ompare it to the ase when the seond term in eq.
(2) is negleted, as is the ase in majority of phenomeno-
logial fits to data.
4. Summary and onlusions
To summarize: using a speifi version of QFT supple-
mented by Langevin evolution equation (6) to desribe
hadronization proess [9, 10℄ we have derived the usual
BEC orrelation funtion in the form expliitly showing:
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(i) - the origin of the so alled oherene and its influ-
enes on the struture of C2(Q); (ii) - the origin of the Q-
dependene of BEC represented by orrelation funtion
C2(Q). In our ase the dynamial soure of oherene is
identified with the existene of a onstant external term
P in the Langevin equation. Its influene turns out to
be idential with the one obtained before in the QS ap-
proah [2℄ and is desribed by eq. (20). Its ation is to
order phases of the produed seondaries: for P →∞ all
phases are aligned in the same way and C2(Q) = 1. The
oherene in [2℄ is thus property of fields and in our ase
property of operators desribing produed partiles. In
both ases it ours already on the level of a hadroniz-
ing soure. Dividing instead the hadronizing soure itself
into oherent and haoti subsoures results in eq. (3)
obtained in [3℄. The ontroversy between results given
by [2℄ and [3℄ is therefore resolved: both approahes are
right, one should only remember that they use different
desriptions of the notion of oherene. It is therefore
up to the experiment to deide whih proposition is fol-
lowed by nature: the simpler formula (3) or rather the
more involved (11) together with (20). From Fig. 1 one
an see that differenes between both forms are learly
visible, espeially for larger values of oherene α, i.e.,
for lower haotiity parameter p.
From our presentation it is also lear that the form
of C2 reflets distributions of the spae-time separation
between the two observed partiles rather than the dis-
tribution of their separate prodution points (f., for ex-
ample, [13℄, where it is advoated that it is in fat a
Fourier transform of two-partile density profile of the
hadronizing soure, ρ(r1, r2) = ρ(r1 − r2), without ap-
proximating it by the produt of single-partile densities,
as in [1℄).
Finally, we would like to stress that our disussion
is so far limited to only a single type of seondaries
being produed. It is also aimed at a desription of
hadronization understood as kineti freeze-out in some
more detailed approahes. So far we were not interested
in the other (highly model dependent) details of the
partile prodution proess. This is enough to obtain
our general goals, i.e., to explain the possible dynamial
origin of oherene in BEC and the origin of the speifi
shape of the orrelation C2(Q) funtions as seen from the
QFT perspetive. We lose with suggestion that both
soures of oherene, that presented here and in [2℄ and
that investigated in [3℄, should be onsidered together.
The most general situation would be then hadronizing
soure omposed with a number of subsoures, eah with
different internal (disussed here) degree of oherene.
For only one subsoure present we would have situation
desribed here whereas for a number of subsoures, eah
being either totally oherent or totally haoti, desrip-
tion offered by [3℄ would automatially emerge. It is up
to experimental data to deide and Fig. 2 tells us that
it is not impossible task (at least in priniple).
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